This chapter includes contributions to the theory of on-line training of artificial neural networks (ANN), considering the multilayer perceptrons (MLP) topology. By on-line training, we mean that the learning process is conducted while the signal processing is being executed by the system, i.e., the neural network continuously adjusts its free parameters from the variations in the incident signal in real time (Haykin, 1999 ). An artificial neural network is a massively parallel distributed processor made up of simple processing units, which have a natural tendency to store experimental knowledge and make it available for use (Haykin, 1999) . These units (also called neurons) are non-linear adaptable devices, although very simple in terms of computing power and memory. However, when linked, they have enormous potential for nonlinear mappings. The learning algorithm is the procedure used to do the learning process, whose function is to modify the synaptic weights of the network in an orderly manner to achieve a desired goal of the project (Haykin, 1999) . Although initially used only in problems of pattern recognition and signal processing and image, today, the ANN are used to solve various problems in several areas of human knowledge. An important feature of ANN is its ability to generalize, i.e., the ability of the network to provide answers in relation to standards unknown or not presented during the training phase. Among the factors that influence the generalization ability of ANN, we cite the network topology and the type of algorithm used to train the network. The network topology refers to the number of inputs, outputs, number of layers, number of neurons per layer and activation function. From the work of Cybenko (1989) , networks with the MLP topology had widespread use, because they possessed the characteristic of universal approximator of continuous functions. Basically, an MLP network is subdivided into the following layers: input layer, intermediate or hidden layer(s) and output layer. The operation of an MLP network is synchronous, i.e., given an input vector, it is propagated to the output by multiplying by the weights of each layer, applying the activation function (the model of each neuron of the network includes a non-linear activation function, being the non-linearity differentiable at any point) and propagating this value to the next layer until the output layer is reached. Issues such as flexibility of the system to avoid biased solutions (under tting)and,conversely , limiting the complexity of network topology, thus avoiding the variability of solutions
are also reported in the literature. In Sira-Ramirez & Colina-Morles (1995) the zero-level set of the learning error variable in Adaline neural networks is regarded as a sliding surface in the space of learning parameters. A sliding mode trajectory can then be induced, in finite time, on such a desired sliding manifold. The proposed method was further extended in Yu et al. (1998) by introducing adaptive uncertainty bound dynamics of signals. In , the sliding mode strategy for the learning of analog Adaline networks, proposed by Sira-Ramirez & Colina-Morles (1995) , was extended to a more general class of multilayer networks with a scalar output. The first SMC learning algorithm for training multilayer perceptron (MLP) networks was proposed by Parma et al. (1998a) . Besides the speed up achieved with the proposed algorithm, control theory is actually used to guide neural network learning as a system to be controlled. It also differs from the algorithms in Sira-Ramirez & Colina-Morles (1995), Yu et al. (1998) and , due to the use of separate sliding surfaces for each network layer. A comprehensive review of VSS and SMC can be seen in Hung et al. (1993) , and a survey about the fusion of computationally intelligent methodologies and SMC can be found in Kaynak et al. (2001) . Although the methodology used by Parma et al. (1998a) makes it possible to determine the limits of parameters involved in the training of MLP networks, their complexity still makes it necessary to use heuristic methods to determine the most appropriate gain to be used in order to ensure the best network performance for a particular training. In this chapter, an algorithm for on-line ANN training based on SMC is presented. The main feature of this procedure is the adaptability of the gain (learning rate), determined iteratively for every weight update, and obtained from only one sliding surface. To evaluate the algorithm, simulations were performed considering two distinct applications: function approximation and a neural-based stator flux observer of an induction motor (IM). The network topology was defined according to the best possible response with the fewest number of neurons in the hidden layer without compromising the ability of network generalization. The network used in the simulations has only one hidden layer, differing in the number of neurons in this layer and the number of inputs and outputs of the network, which were chosen according to the application for the MLP.
The On-line adaptive MLP training algorithm
This section presents the algorithm with adaptive gain for on-line training MLP networks with multiple outputs that operates in quasi-sliding modes. The term "quasi-sliding regime" was introduced by Miloslavjevic (1985) to express the fact that the extension to the case of discrete time under the usual time for the continuous existence of a sliding regime, does not necessarily guarantee chattering around the sliding surface in the same way that it occurs in continuous time systems. Moreover, in Sarpturk et al. (1987) it was shown that the condition proposed by Miloslavjevic (1985) for the existence of a quasi-sliding mode could cause the system to become unstable. Now, let us specify how the quasi-sliding mode and the reaching condition are understood in this paper. Definition 1. Let us define a quasi-sliding mode in the ε vicinity of a sliding hyperplane s(n)=0 for a motion of the system such that |s(n)|≤ε
where the positive constant ε is called the quasi-sliding-mode band width (Bartoszewicz, 1998) .
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This definition is different from the one proposed in Gao et al. (1995) since it does not require the system state to cross the sliding plane s(n)=0 in each successive control step. The convergence of the system state to the sliding surface can be analyzed considering the convergence of the series
If the convergence of the series is guaranteed, then the system state will converge, at least assimptotically, to the sliding surface s(n)=0. Consider Cauchy's convergence principle (Kreyszig, 1993 
is convergent. To study the convergence of the series given by (3) the ratio test is used (Butkov, 1968) . Thus, it holds that: 
Remark: From Definition 2, crossing the plane s(n)=0isallowedbutnotrequired.
Theorem 1. Let s(n)
: ℜ 2 →ℜ , the sliding surface defined by s(n)=CX1(n)+X2(n),w h e r e {C, X1(n)}∈ℜ + and X2(n) 
Defining the absolute value of the sliding surface as follows
then, from (5) it holds that
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Replacing the definition of s(n) as given by Theorem 1 yields
To prove that the conditions of Theorem 1 are sufficient, two situations must be established:
• The sliding surface is not crossed during convergence. In this situation, it holds that
Considering s(n)=CX1(n)+X2(n) and s(n + 1)=CX1(n + 1)+X2(n + 1),o n ec a n write (6) as
and using (8) yields |s(n + 1)| < |s(n)|. The validity of (7) for this situation is trivial, i.e.:
• The sliding surface is crossed during convergence. Now, for this situation it holds that sign(s(n + 1)) = −sign(s(n)).
Considering, again, s(n)=CX1(n)+X2(n) and s(n + 1)=CX1(n + 1)+X2(n + 1),one can write (7) as
and using (8) yields |s(n + 1)| < |s(n)|. The validity of (6) for this situation is trivial too, i.e.:
From Theorem 1, it can be verified that (6) is responsible for the existence of a quasi-sliding regime for s(n)=0, while (7) ensures the convergence of the network state trajectories to a vicinity of the sliding surface s(n)=0. One can also observe that the reference term from the sliding surface signal sign(s(n)) determines the external and internal limits of the range of convergence for the following expressions:
To study the convergence of the sliding surface s(n)=CX1(n)+X2(n), the decomposition of (9) and (10), with respect to a gain η, is necessary in order to obtain a set of equations for these variables and, from the conditions defined by Theorem 1, to determine an interval in ℜ due to a gain η, that can guarantee the convergence of the proposed method. 
where {c 1 , c 2 }∈ℜ. If the following restrictions are taken into account: (12) 
From (16), (17), (18), (19) and considering the definition of X2(n) given by Theorem 1, one can derive the terms of (9) taking into account that
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In the same way, it is possible to derive the terms of (10) taking into account the same considerations used to derive (9). Thus:
From (20) and (21) one can identify the term y k (n + 1) as the target variable from which it is possible to obtain the gain η. Then, doing
replacing (22), (23) in (20), (21), respectively, and considering e k (n)=d k − y k (n), yields:
Finally, taking into account the result of X1(n) − X1(n − 1), one can obtain the conditions (11) and (12) defined in the Theorem 2, with the coefficients given by: 
To analyze the intervals of convergence limited by the conditions of (11) and (12) it is necessary to determine the limits of these intervals. It can be verified that the intervals of convergence are obtained from a parabola, the concavity of this parabola being determined by the value of c 1 (in this case, positive concavity, since c 1 > 0). The general form for the quadratic equation related to the convergence conditions can be written as:
where c 3 is the independent term. Considering the value of ∆ = c 2 2 − 4c 1 c 3 and taking into account that c 1 > 0, the roots of (27) are given by:
According to (28), the value of ∆ is related to the signal and the module of the sliding surface s(n). From these considerations, one can proceed with the following analysis:
.C o n s i d e r i n g∆ = c 2 2 ξ 2 1 ,beingξ 1 > 1, the roots can be written as:
There are two possible variations for ∆:
, the roots can be written as:
This condition is not considered because it does not meet the restriction (15).
T h e r ea r et w o possible variations for ∆:
,beingξ 2 > ξ 1 , the roots can be written as:
This condition is not considered because it does not meet the restriction (15). ) as the center point of convergence intervals and observing (32), a diagram can be drawn identifying, in bold, the intervals of convergence for s(n) > 0a s shown in Figure 1 .
.C o n s i d e r i n g∆ = c 2 2 ξ 2 1 , the roots can be written as:
From (33), (34) and (35), it can be established the same relationship defined in (32) and, therefore, the diagram can be drawn identifying, in bold, the intervals of convergence for s(n) < 0, as shown in Figure 1 . Remark: The Theorem 2 guarantees the existence of real intervals for the gain η to satisfy the convergence conditions. However, the Theorem 2 does not guarantee, directly, the existence of a positive interval for the gain η. Both for s(n) > 0a n ds(n) < 0, it is assured that at least one positive real root exists, which reinforces the existence of a positive interval for η. In (30), (31), (33) and (35), the existence of positive real roots is conditioned by − c 2 2c 1 > 0. As c 1 > 0, the condition is: −c 2 > 0 ⇒ c 2 < 0, which can be easily verified from the application of the methodology developed in a two-layer MLP. Once s(n) is related to the network topology used, to verify the existence of a positive interval for the gain η, it is necessary to analyze the behavior of convergence conditions for the linear perceptron, the nonlinear perceptron and the two-layer MLP network with linear output. The choice of an MLP network topology was made in order to make the calculations involved in determining the network response to a stimulus simpler, yet still effective.
Determination of η for the linear perceptron
L e tt h eo u t p u t ,a td i s c r e t e -t i m en, of a neuron perceptron with linear activation function be given by:
where m 0 is the number of inputs of the neuron. The analysis for the determination of the intervals for the gain η is performed for each input pattern of the neuron. The output of the neuron at time n + 1isgivenby:
To calculate (37), it is necessary to determine ∆w j (n), which represents the adjustment of the weights of the perceptron at time n. An immediate expression can be obtained from the Delta rule, which gives rise to the LMS algorithm or learning algorithm of gradient descent. Thus, it yields:
532
Once ∆w j (n) is set, y(n + 1) can then be calculate as follows:
Therefore, using (39) and considering c = e(n) ∑ m 0 j=1 x 2 j (n), the expressions for the coefficients c 1 , c 2 ec 3 of (26) can be obtained:
After determining the coefficients c 1 , c 2 ec 3 , the Theorem 2 can be applied to determine the intervals of convergence for the gain η.
Determination of η for the non-linear perceptron
The output characteristic of this type of neuron is given by:
where ϕ(·) is the neuron activation function, continuous and differentiable.
The approach used to determine the neuron output is an approximation of the activation function through its decomposition into a Taylor series, instead of propagating the output signal of the neuron using the inverse of activation function. This approach was chosen because the first terms of the Taylor series provide a significant simplification and mathematical cost reduction for the definition of the intervals of convergence, yet limit the ability of approximating the function to regions close to the point of interest. Let the output, at time n, of a neuron perceptron with non-linear activation function be given by (41). The output of the neuron at time n + 1 can be written as:
Applying the decomposition of the first-order Taylor series in (42), yields: j=1 ∆w j (n)x j (n) ≤ ξ. Using (38) for the variation of weights at time n, it is possible to define an interval for the gain η related to the first-order Taylor series:
It can be verified that (44) limits the interval of the gain η in accordance with the desired accuracy (ξ) for the approximation of the activation function of the neuron. Rewriting (43) it follows that:
Therefore, using (45) and considering c =ẏ(n)e(n) ∑ m 0 j=1 x 2 j (n), the expressions for the coefficients c 1 , c 2 ec 3 of (26) can be obtained:
After determining the coefficients c 1 , c 2 ec 3 , observing the limits imposed by the Taylor series decomposition, the Theorem 2 can be applied to determine the intervals of convergence for the gain η.
Determination of η for two-layer MLP network
L e tt h el i n e a ro u t p u to ft h ek-th neuron of a two-layer MLP network related to an output vector x(n) be:
Due to the existence of two layers, one must do the study of the interval of convergence for the output layer and hidden layer separately. Thus, it follows:
• Output layer: Considering only the weights of the output layer as the parameters of interest, the output k at time n of an MLP network with linear output is given by:
Assuming that the adjustment of weights is performed initially only in the weights of the output layer, (47) can be compared to (36) for the linear perceptron. In this case, the inputs 534 Sliding Mode Control of neuron k correspond to the output vector of neurons in the hidden layer (plus the bias term) after the activation function, y1(n), and the weights, for the vector w2 k (n).T h e coefficients c 1 , c 2 ec 3 are obtained from the use of the equations for the linear neuron by applying the analysis to the network with multiple outputs. Thus, the coefficients of the quadratic equation associated with the convergence conditions are defined as:
• Hidden layer: Now, we consider the adjustment of the weights of the hidden layer, W1(n). For this, the weights of the output layer are kept constant. Therefore, the k-t hn e u r o no f the MLP network with two layers with linear output is given by:
The output at time n + 1isgivenby:
Applying in (50) the decomposition of the first order Taylor series, we obtain:
where
It is possible to use (38) for the variation of weights at time n. However, for the hidden layer, there is not a desired response specified for the neurons in this layer. Consequently, an error signal for a hidden neuron is determined recursively in terms of the error signals of all neurons for which the hidden neuron is directly connected, i. e., ∆w1 ji (n)=η ∑ m 2 k=1 e k (n)w2 kj (n)x i (n). From the expression of ∆w1 ji (n) it is possible to define an interval for the gain η of the Taylor series decomposition:
Although (52) is assigned to a single neuron, the limit for the gain η must be defined in terms of the whole network, choosing the lower limit associated with a network of neurons. Decomposing (51) yields: 
x 2 i (n),the coefficients c 1 , c 2 ec 3 can be obtained as follows:
Thus, from the coefficients obtained in (48) and (54), the Theorem 2 can be apply, with the final interval for the gain η determined by the intersection of the intervals defined by convergence equations obtained for the hidden layer and the output layer, observing the limit imposed by the Taylor series decomposition. It should be noted also that, in (48) and (54), the coefficients c 1 , c 2 e c 3 are dependent on C e T. This implies that, for the determination of C, the sampling period should be taken into account.
Simulation results
This section shows the results obtained from simulations of the algorithm presented in Section 2. The simulations are performed considering two distinct applications. In Section 3.1 the proposed algorithm is used in the approximation of a sine function. Then, in Section 3.2, the proposed algorithm is used for observation of the stator flux of the induction motor.
On-line function approximation
This section presents the simulation results of applying the proposed algorithm for the learning real-time function f (t)=e (− 1 3 ) sin(3t). The following parameters were considered for the simulations: integration step = 10μs; simulation time = 2s; sampling period = 250μs. The same simulations were also performed considering the standard BP algorithm (Rumelhart et al., 1986) , the algorithm proposed by , and two algorithms for real-time training provided by (Parma et al., 1999a; . For these algorithms, the training gains (learning rates) were chosen in order to obtain the best result, using the same initial conditions for each of the algorithms simulated. The network topology used in the simulation of the algorithms was as follows: an input, 5 neurons in the hidden layer and one neuron in the output. The size of the hidden layer of the MLP was defined according to the best possible response with the fewest number of neurons. The hyperbolic tangent function was used as the activation function for the hidden layer neurons. This same function was also used as the activation function for the neuron of the output layer in the standard BP algorithm and on the two algorithms proposed by (Parma et al., 1999a; . For the algorithm presented in this paper and that proposed by , the linear output for the neuron of the output layer was used. The simulation results of the proposed algorithm are shown in Figure 2 . For the confidence interval, ξ = 1.5 was used to approximate the hyperbolic tangent function using the first-order Taylor series. In the simulation, the value of 10,000 was adopted for the parameter C. The function f (t) is shown dashed while the output of ANN is shown in continuous line. The graph of the approximation error for the sine function considered, the behavior of the sliding surface s(n), and the training gains obtained from the proposed algorithm during the simulation time are also presented. The fact that the proposed algorithm uses the gradient of error function with respect to weights, causes oscillations in the learning process, implying the need for high gains for the network training. These oscillations are also felt in the behavior of the sliding surface, as can be seen in the graph (c) of Figure 2 . Figure 3 shows the simulation results of the algorithms proposed by Parma et al. (1999a; and . The coefficients and the gains of the algorithms were adjusted by obtaining the following values: 1st Parma algorithm -C1=C2=10000, η1=3000, η2=10; 2nd Parma algorithm -C1=C2=10000, η1=200, η2=100; Topalov algorithm -η=10. These three algorithms presented similar results, especially considering the time needed to reach the sine function, which is much smaller compared with the algorithm proposed in this paper. The proposed algorithm uses a gain adjustment which penalizes the reach time of the function f (t). On the other hand, if the errors of function approximation are compared, the proposed algorithm has better performance. Finally, Figure 4 shows the results obtained using the standard BP algorithm. The adjusted values of gain for the hidden and output layers were, respectively, η1=102 e η2=12.
As can be easily verified, the standard algorithm BP had the highest error in the approximation of the considered function. This performance was expected for the various reasons outlined above. The results of this algorithm were presented as a reference, since this algorithm is the oldest of the simulated algorithms.
Induction motor stator flux neural Observer
Considering the IM drives, the correct estimation of the flux, either the stator, rotor and mutual, is the key to the successful implementation of any vector control strategy (Holtz & Quan, 2003) .
The observation, in turn, is a closed loop estimation, which employs, in addition to the input signals, a feedback signal, obtained from the system output signals and the process model. An important requirement for using an ANN for observing the motor flux, is that training should be done on-line. This approach allows a continuous adjustment of the network weights according to the requirements of the system in which the network operates, in this case, the IM. Figure 5 presents the simulation results of applying the proposed algorithm for training a neural network used as an IM stator flux observer. The following variables were considered: stator flux module (stator flux IM versus neural flux observer), electromagnetic torque and motor speed. The IM was submitted to the following transients: 1) start up and speed reversion with no load; 2) loading and unloading (constant torque) the motor at constant speed. The IM flux can be estimated directly from the voltage equation given by (Novotny & Lipo, 1996) :
The main reason for use of (56) is simplicity. The stator flux estimator is independent of the speed measurement if the stationary reference is adopted for the d-q axes (Kovács & Rácz, 1984) . This fact makes the approach attractive for use in motor control without speed measurement. Moreover, one can see that the only parametric dependence is the stator resistance, which can be obtained with reasonable accuracy (Novotny & Lipo, 1996) . Efficient solutions for the correction of off-set in the integrals of current and voltage can be verified in Holtz & Quan (2003) . 
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Thus, the d-q components of stator current are used as input of the ANN, and the d-q components of stator flux are the output of the network. The ANN used is the MLP 2-5-2, i.e., 2 inputs, 5 neurons in the hidden layer and 2 outputs. The number of neurons in the hidden layer was determined by analyzing the simulation results, aiming to reduce the computational cost without compromising the results generated by the network. Other studies using a neutral observer can be seen in Nied et al. (2003a) and Nied et al. (2003b) . The IM was submitted to the transients of start up and speed reversion with no load ( Figure  5 (a) ) and loading-unloading (constant torque) the motor at constant speed ( Figure 5 (b) ). Both transients are done under the motor speed condition of 150 elec.rad/s. The simulation time was 5 s. A good dynamic performance of the neural observer can be verified since the estimated stator flux tracks the stator reference flux, even during the transients applied to the motor.
Conclusion
Using the theory of sliding modes control, the problem of training MLP networks allows the analysis of the network as a system to be controlled, where the control variables are the weights, and the output of the network should follow the reference variable. From this, a methodology was used that allows us to obtain an adaptive gain, determined iteratively at each step of updating the weights, eliminating the need for using heuristics to determine the gain of the network. This methodology was used for on-line training of MLP networks with a linear activation function in the output layer. The training of the ANN in real time requires a learning process to be performed while the signal processing is being executed by the system, resulting in the continual adjustment of free parameters of the neural network to variations in the incident signal in real time.
From the methodology, an algorithm was developed for on-line training of two-layer MLP networks with linear output. The algorithm presented is general, providing that there are one or more neurons in the output layer of the network. Regarding the update of network weights, the algorithm updates the weights using the gradient of the error function with respect to the weights (BP algorithm). This weight correction law, despite being widely used for training MLP networks, has its weaknesses, such as the fact that the stability (not asymptotic stability) can only be guaranteed for a set of weights that corresponds to the overll minimum BP algorithm, according to Lyapunov stability theory. By using the algorithm presented, it is possible to determine a resulting range for the gain η of the network, which is obtained through the intersection of the ranges defined for the hidden layer and output, noting the limit imposed by the Taylor series decomposition. However, the algorithm does not define the final value for the gain η. Thus, it is possible in principle, that any value within a range of positive results be used. Issues are not addressed by the optimization algorithm. However, bearing in mind the necessity of obtaining practical results from the application of the algorithm, we adopted a conservative solution using the gain value η obtained for the limit imposed by the Taylor series decomposition. Due to the nature of the algorithm, applications that required adjustment of free parameters of the neural network in real time were selected for evaluation. As a first application, the algorithm was used in the approximation of a sine function. The error of the approximation algorithm presented was the lowest compared with the values of the approximation error made by the other three algorithms simulated.
The other application was related to the use of the algorithm as an observer of the neural stator flux of IM. The results obtained show that the neural observer contributed to the good performance of the variables of flux, speed and torque. From the simulation results of the algorithm, at least two features of this algorithm can be identify: 1) ease of use, since there is no necessity of determining the gain (or learning rate), which is obtained iteratively by the algorithm, 2) eliminates the need for any information regarding the mathematical model of the system in which the network operates.
